The experimental detection of multipartite entanglement usually requires a number of appropriately chosen local quantum measurements which are aligned with respect to a previously shared common reference frame. The latter, however, can be a challenging prerequisite e.g. for satellitebased photonic quantum communication, making the development of alternative detection strategies desirable. One possibility for avoiding the distribution of classical reference frames is to perform a number of local measurements with settings distributed uniformly at random. In this work we follow such a treatment and show that an improved detection and characterization of multipartite entanglement is possible by combining statistical moments of different order. To do so, we make use of designs which are pseudo-random processes allowing to link the present entanglement criteria to ordinary reference frame independent ones. The strengths of our methods are illustrated in various cases starting with two qubits and followed by more involved multipartite scenarios.
The experimental detection of multipartite entanglement usually requires a number of appropriately chosen local quantum measurements which are aligned with respect to a previously shared common reference frame. The latter, however, can be a challenging prerequisite e.g. for satellitebased photonic quantum communication, making the development of alternative detection strategies desirable. One possibility for avoiding the distribution of classical reference frames is to perform a number of local measurements with settings distributed uniformly at random. In this work we follow such a treatment and show that an improved detection and characterization of multipartite entanglement is possible by combining statistical moments of different order. To do so, we make use of designs which are pseudo-random processes allowing to link the present entanglement criteria to ordinary reference frame independent ones. The strengths of our methods are illustrated in various cases starting with two qubits and followed by more involved multipartite scenarios.
Introduction.-The key role of multipartite entanglement as a resource in quantum information theory manifests itself through a variety of applications which gave rise to a growing commercial interest in quantum technologies [1] [2] [3] . Prominent examples are quantum computation or communication protocols which have been shown to outperform known classical counterparts [2, 4, 5] . Nevertheless, its experimental detection and characterization still comes along with major technical and conceptual difficulties. One such difficulty is the alignment of local measurement settings among the involved spatially separated parties which is a prerequesite for the evaluation of many entanglement criteria or Bell inequalities [6] [7] [8] .
Several proposals allowing to circumvent the problem of measurement alignment have been made. One is to restrict measurements to the single particle level which has proven useful for the characterization of multipartite entanglement under the assumption that the state is pure [9, 10] . Other possibilities are to encode logical qubits into rotational invariant subspaces of combined degrees of freedom [11, 12] , or to exploit the local-unitary (LU) invariance of entanglement criteria based on correlation functions [13] [14] [15] [16] [17] [18] [19] [20] . The latter, commonly referred to as reference-frame (RF) independent entanglement criteria, can be evaluated without aligning spatially separated measurements [21] , but still require the experimenters' control over the choice of local measurement bases, e.g. three orthogonal ones.
Other strategies for RF independent entanglement detection lift also the last assumption in the sense that only measurements with randomly chosen settings are required. In this case, one has to resort to statistical tools which allow to infer the entanglement properties of the considered states. For instance, in Refs. [22] [23] [24] the authors study entanglement detection given distributions of correlation functions obtained from local measurements with settings chosen uniformly at random. Similarly, one can probe the violation of Bell inequalities with randomly distributed measurement settings [25] [26] [27] .
The latter attempts motivate us to push forward in this direction and show how to considerably improve entanglement criteria based on randomly measured correlation functions [22, 23] . In this work we thus demonstrate that a better entanglement detection and even a characterization of different classes of multipartite entanglement is possible by combining statistical moments of different order. In this respect, we will see that every such statistical entanglement criterion can be traced back to a RF independent one using pseudo-random processes, also referred to as designs. Further on, we demonstrate their strengths for the detection and characterization of multipartite entanglement involving the two lowest nonvanishing moments. We start with the instructive bipartite case of two qubits and then move to the more involved multipartite scenarios.
Moments of random correlations.-To set the stage, let us consider N qubits prepared in the initial state ρ in which are measured locally according to the random bases {(|u
..,N , where the {U n } n=1,...,N represent random unitary transformation picked from the unitary group U(2), e.g. according to the Haar measure. We associate to the random basis (|u
(1) n = U n |1 n ) of the n-th qubit a direction u n on the Bloch sphere, defined by the components [u n ] i = tr[σ u n σ i ], where σ i , with i = x, y, z, denote the usual Pauli matrices and σ u n = U n σ z U † n (see Fig. 1(a) ). One choice of such set of local random measurement bases leads to the (random) correlation function:
However, as the directions u n are chosen randomly, only one set of random measurement settings will not give any insight into the nonlocal properties of the initial state ρ in . To achieve this we have to perform several rounds of random measurements and seek a statistical treatment of the obtained values of the correlation function (1) through its moments. In order to predict the outcome of this approach we assume that the local mea- surement directions {u n } n=1,...,N are chosen uniformly from the Bloch sphere which corresponds to the choice of Haar random unitaries {U n } n=1,...,N . In this scenario the corresponding moments read:
where t is a positive integer and du i = sin θ i dθ i dφ i denotes the uniform measure on the Bloch sphere S 2 . As the integrals in Eq. (2) can be rewritten in terms of integrals with respect to Haar measures on U(2), the moments R (t) are by definition LU invariant and thus good candidates for RF independent entanglement detection. Also, due to the symmetry of the correlation functions (1) we can already conclude that R (t) = 0, for all odd t (see App. A).
Moments from designs.-In order to evaluate the uniform averages over the Bloch sphere in Eq. (2) we can resort to so-called spherical t-designs which consist of a finite set of points
for all homogeneous polynomials P t : S 2 → R of degree at most t [28] . As E(u 1 , . . . , u N ) t is such a polynomial in each of its local settings u k , Eq. (18) directly yields the formula:
where {u kj |k j = 1, . . . , L (t) }, for all j, are spherical tdesigns. Hence, we find as a first result that spherical t-designs allow for an evaluation of the R (t) 's based on a finite number L (t) of local measurement settings and thus directly link them to RF independent entanglement criteria [13] [14] [15] [16] [17] [18] [19] [20] . Furthermore, we note that similar implications also hold for systems of larger local dimensions where one has to resort to unitary designs for the evaluation of the respective moments (see App. B and C for more details).
The drawback of spherical and unitary designs is that, while their existence has been proven [28] , there is no general strategy known to construct them for a given t. Nonetheless, by exploiting group theoretical methods it was possible to find a number of examples of exact spherical [36] and unitary designs [37] . For instance, a well-known example is the Clifford group which forms a unitary 3-design and for a qubit reduces to a spherical 3-design on the Bloch sphere consisting of L (3) = 6 orthogonal directions {±e i |i = x, y, z}. Furthermore, a number of finite rotation groups on the Bloch sphere were identified as spherical designs of order t ≤ 20 [36] . An example of such a spherical design, with t = 5, is given by the vertices {v i |i = 1, . . . , L (5) = 12} forming the polyhedron presented in Fig. 1(b) . Hence, following Eq. (4), we find
where the limits, L (3) /2 = 3 and L (5) /2 = 6, respectively, are halved due to the symmetry of Eq. (1). Equations (5) and (6) thus manifest the growth of measurement settings that is required for the evaluation of moments with increasing order, a fact that also yields interesting prospects for generalizations of spin-squeezing inequalities derived in Refs. [30] [31] [32] [33] . Lastly, note that in a similar manner one can obtain expressions for higher moments, but for the remainder of the paper we will mainly focus on R (2) and R (4) . Bipartite entanglement.-An important subclass of two-qubit states is that of Bell diagonal (BD) states which are defined as ρ BD = 1 4 1 4 + j=x,y,z c j σ j ⊗ σ j , with real parameters c j , such that 0 ≤ |c j | ≤ 1, and the eigenvalues λ j of ρ BD are given by λ 1,2 = (1 ∓ c 1 ∓ c 2 − c 3 )/4 and λ 3,4 = (1 ± c 1 ∓ c 2 + c 3 )/4 [38] . In Fig. 2 we present the set of BD states in the space spanned by the moments R (2) and R (4) , obtained from an analytic optimization over the parameters c 1 , c 2 and c 3 (see App. D). In the same figure we indicate the division of the set of states into an separable and entangled part, as it results from the separability condition |c 1 | + |c 2 | + |c 3 | ≤ 1. Note that there remains a small overlap between the two sets containing both separable and entangled BD states which can be distinguished perfectly by taking into account also the moment R (6) , as shown in App. D. Hence, the entanglement of Bell diagonal states is completely characterized by the first three non-vanishing moments R (t) , with t = 2, 4, 6. Further on, we note that for any general two-qubit state ρ one can find a BD state ρ BD that has the same moments. This is a direct consequence of the fact that the R (t) 's are LU invariant and that the transformation eliminating the local Bloch vector components of ρ is separable. In conclusion, the set of general and BD states are identical in the space spanned by the moments (see Fig. 2 ). Furthermore, as separable transformations are entanglement non-increasing, we obtain our main result: For separable states, one has
where F is a piecewise polynomial function characterizing the border of the separable set, derived in App. D. It is evident that (7) detects more entangled states than any criteria depending only on either of the moments:
2 (see [13, 22] and App. C). Multi-qubit entanglement.-As application of the above bipartite criterion for the detection of multi-qubit entanglement we consider the class of Dicke states which for N qubits read
, where k is the number of excitations and j P j denotes the sum over all non-equivalent permutations among the qubits. As Dicke states are invariant under permutations of their subsystems, we can detect their entanglement by focusing on any of their two-qubit marginals. We also emphasize that none of the states |D N k , for any N and k, can be detected using only either of the moments R (2) or R (4) . In contrast, our novel nonlinear criterion (7) is capable detecting Dicke state entanglement. For instance, in the case of the N -qubit W -state |W N = |D N k=1 we can ascertain entanglement for N ≤ 3. The same holds for a subset of Dicke states with k > 1. In Fig. 2(b) , we represent the set of Dicke states detected by our criterion for up to 200 qubits.
In order to obtain better criteria that are capable of detecting more entangled states we have to take into account moments of N -body correlation functions. In this respect, we note that entanglement criteria based only on the second moment have been subject of investigations in the context of correlation tensor norms [13] [14] [15] [16] [17] [18] [19] [20] 22] . For instance, it is known that R (2) ≤ 1/3 N , for all separable N -qubit states. Here we ask whether these results can be improved upon by combining N -body moments of different order. However, an analytical characterization of the borders of the set of (separable) states as presented for two qubits becomes very demanding already for three parties. Despite of this difficulty we gained insight into the structure of the three-qubit state space by numerically generating more than 10 5 random (fully separable) states. In Fig. 3(a) we present the results of this pro- cedure. As for two qubits, we find that an advantage for entanglement detection is possible by taking into account R (4) . An analytical proof of this observation, in particular for more qubits, remains subject of future investigations.
Classes of multipartite entanglement.-In the multipartite case it is also of interest to discriminate different classes of multi-partite entanglement which are defined through the concept of stochastic local operations and classical communication (SLOCC) [40, 41] . Two pure Nqubit states |Ψ and |Φ are SLOCC equivalent if there exist invertible operations A i , with i = 1, . . . , N , such that |Ψ = and
, respectively, for varying number of qubits N . Accordingly, red squares show the amplitude threshold θ * (red right scale) above which |Ψ(θ) is detected to be outside of W (N) .
as SLOCC classes. While for three parties there exist two SLOCC classes of genuinely multipartite entangled states, the W -and the GHZ-class [40] , they become infinitely many already for N = 4 [42] . In the following, we will concentrate our attention on the corresponding equivalence classes of N qubits, referred to as W (N ) and GHZ (N ) . As for separable states the respective sets of mixed states are given by the convex hulls Conv(W (N ) ) and Conv(GHZ (N ) ) [41] . For the characterization of the W -class it is helpful to resort to its standard form representing all pure Wclass states up to LU transformations [43] [44] [45] . The latter allows us to numerically determine the borders of the pure W -class in the space spanned by the moments R (t) , as presented in Fig. 3(a) , for N = 3. In the same figure we present an estimate of the borders of the mixed W -class which has been obtained by minimizing over a subclass of Conv(W (N ) ) and confirmed by generating more than 10 5 mixed W -class states (for details of this procedure see App. E). As a result, we see that a discrimination of states outside of the W -class based on the knowledge of R (2) and R (4) is possible. With increasing qubit number the numerical characterization of the complete W -class becomes computationally more demanding. For this reason, we aim for simpler criteria which can be extended to larger numbers of qubits. One way of doing so is to compute the maximum of R (2) in W (N ) , and use its convexity to derive the criterion
We further test this criterion by applying it to the noisy GHZ state p1 + (1 − p)|GHZ GHZ| and a pure entangled state |Ψ(θ) = cos θ|0 ⊗N + sin θ|1 ⊗N , and determine the corresponding noise and amplitude thresholds, p * and θ * , respectively, up to which the states can be certified to be not in Conv(W (N ) ) (see Fig. 3(b) ). Clearly, the performance of the criterion improves with growing qubit number.
Lastly, we take an attempt to go beyond these results through a more general criterion that combines R (2) and R (4) . Examining the structure of the W -class in Fig. 3 (a) we expect that a line passing through the points C and D yields such an improvement. For arbitrary N , such a line can be derived by first maximizing individually, R (2) and R (4) , over W (N ) . The resulting arguments of this maximizations then allow us to define a line with slope m (N ) . Second, we maximize the R (4) -intercept b (N ) of this line over W (N ) to ensure that it touches its border. Finally, as a linear combination of two convex functions with positive coefficients is again convex, we arrive at the criterion
The performance of the latter is presented Fig. 3(b) . Evidently, the observed improvement for three qubits does not hold for larger qubit number. Hence, in order to improve the above results a more refined nonlinear witness is desirable. Experimental considerations.-The discussed methods are of interest for photonic free-space quantum communication over distances of several hundreds of kilometers [48] , which is currently in the process of being extended to space involving satellites orbiting the earth [49] [50] [51] [52] . Here, due to the motion, distance and number of involved satellites, the issue of sharing classical reference frames becomes particularly challenging [10] [11] [12] . In such a scenario, the moments (2) can either be evaluated exactly through the fixed measurement settings involved in Eqs. (5) and (6) , in the spirit of RF independent entanglement citeria [19] . Alternatively, they can be es-timated using a statistical treatment based on a finite number of randomly chosen settings. The latter can be achieved experimentally by digitally generating random unitary transformations which are subsequently applied prior to the photon polarization measurements (see e.g. Ref. [53] ). Also note that, according to the analysis presented in Refs. [22, 23] , the number of random measurement settings needed to certify entanglement with confidence scales favourably with the system size, especially in the multipartite regime.
Conclusions.-A major challenge for the experimental detection and characterization of multipartite entanglement is the need of sharing a common RF allowing to coordinate measurements taken at a distance. In this work, we showed how to improve considerably existing techniques for RF independent entanglement verification by combining statistical moments of correlation functions obtained from measurements taken with randomly distributed settings. To this effect, we made use of designs which allow for a straightforward evaluation of the corresponding moments. We demonstrated the introduced techniques by applying them to detect entanglement in multi-qubit systems, and also to discriminate different classes of multipartite entanglement.
Finally, our results yield interesting prospects for generalizations of the spin-squeezing inequalities derived in Refs. [30] [31] [32] [33] . Although, such generalized inequalities would lose the LU invariance property, the extension of the number of local measurement settings originating from the spherical 5-design is expected to entail an improvement in their detection power. We appreciate helpful comments by H. Chau Nguyen on this work and we thank Nicolas Brunner, Marcus Huber, Lukas Knips, Daniel McNulty, Jasmin Meinecke, Tomasz Paterek, Gael Sentís, Timo Simnacher, Cornelia Spee and Xiao-Dong Yu for fruitful discussions. We acknowledge financial support from the ERC (Consolidator Grant 683107/TempoQ) and the DFG. NW acknowledges support from the House of Young Talents Siegen.
A. MOMENTS OF RANDOM CORRELATIONS
In the main text we focused on a system consisting of N qubits. In a more general fashion one can consider N d-dimensional systems (qudits) prepared in the initial state ρ in and subsequently measured locally in random bases {(|u
..,N , each specified by a random unitary transformation U n picked from the unitary group U(d). The generalization of the moments, defined in Eq. (2) of the main text to qudits can then be defined as follows:
where t is a positive integer, η the Haar measure on the unitary group U(d), and O describes an arbitrary observable diagonal in the computational basis {|0 n , . . . , |(d − 1) n }. Note that, while each U n ∈ U(d) can be parametrized by d 2 angles, this number reduces in the case of the operators U n OU † n to d(d − 1) free parameters. Hence, we see that for d = 2 the local measurement settings are characterized by two angles corresponding to the spherical coordinates fixing a position on the Bloch sphere S 2 . Equation (2) of the main text thus follows directly from Eq. (10):
In particular, for d = 2 it is easy to see that all odd moments are zero due to the symmetry of the correlation functions E(u 1 , . . . , u N ) with respect to a reflection on the Bloch sphere:
In the following, we show that the moments R (t) can be calculated using unitary t-designs (or spherical t-designs for d = 2), rather than averaging over the whole unitary group.
B. DESIGNS B.1. Unitary designs
Let us denote by Hom(r, s) the set of all homogeneous polynomials P r,s (U ), with support on the space of unitary matrices U(d), that is of degree at most r and s, respectively, in each of the matrix elements of U and their complex conjugates. For example, the polynomial P r=2,s=2 (U, V ) = U † V † U V is of degree r = s = 2 in the matrices U and its conjugate ones. With this we arrive at the following definition:
Definition 1 (Unitary t-designs). A unitary t-design is a set of unitary matrices
for all homogeneous polynomials P t,t ∈ Hom(t, t) of degree smaller or equal than t, and where η(U ) denotes the normalized Haar measure.
Equivalent definitions of unitary t-designs which will be used later on are given through the following theorem [29] :
Theorem 1 (Twirling). Given a unitary t-design {U k |k = 1, . . . , K (t) } ⊂ U(d), the following two statements hold:
(1) For all A ∈ B(H ⊗t ):
(2) For all channels Λ 1 , . . . , Λ n−1 : B(H) → B(H):
where the
denotes a (t−1)-fold twirling of the channels Λ 1 , . . . , Λ n−1 with the unitary transformation
defined as:
where Λ † U (·) = U † · U denotes the adjoint transformation of Λ U , and A ∈ B(H).
An example of a unitary 3-design is given by the Clifford group [46, 47] . In the case of a single qubit the Clifford group has 24 elements which can be generated from the Hadamard gate H and the phase gate S = e i π 4 σz . Further on, in Ref. [37] the existence of a qubit 5-design of one qubit was noted. The latter is given by the unitary representation of the special linear group SL(2, F 5 ) of invertible 2 × 2 matrices over the finite field F 5 with five elements. In the following, we shortly outline how to generate this design.
First, we extract a set of generators of SL(2, F 5 ) from the GAP character library using the package REPSN, as outlined in [37] , leading to:
with ω = e i2π/15 . At this point we note that the generators given in Table III of Ref.
[37] contain a typo. Next, with the matrices (15) we generate the 120 group elements of SL(2, F 5 ) = {S k |k ∈ {1, . . . , 120}} from which we can then extract an appropriate unitary representation using the transformation:
where
Further on, after eliminating all matrices that are equal up to a global phase e iφ , we end up with a set of 60 unitary matrices representing the corresponding unitary 5-design.
FIG. 4.
Plot of the 15 measurement settings corresponding to the spherical 5-design generated from the unitary 5-design SL(2, F5). Each direction yields two points on the Bloch sphere which together yield the vertices of an icosidodekahedron, i.e. a polyhedron with twenty triangular faces and twelve pentagonal faces.
B.2. Spherical designs
In Section A we saw that in the case of systems consisting of qubits the evaluation of the moments R (t) boils down to an integration over the local Bloch spheres S 2 . In this case, instead of using a unitary t-design to evaluate the respective moments, we can also resort to the concept of spherical designs. In general, a spherical t-design consist of a finite set of points
for all homogeneous polynomials P t : S 2 → R of degree at most t. It thus suffices to resort to spherical t-designs as long as one is interested in calculating averages of polynomials of degree at most t over the Bloch sphere S 2 . One way to generate spherical designs is to extract them from unitrary designs. For instance, by applying the elements of the single qubit Clifford group to one of the Pauli matrices, e.g. σ z , we are left with the following set of inequivalent operators {±σ x , ±σ y , ±σ z }. The latter correspond to the following set of unit vectors {±e i |i = x, y, z} which form a spherical 3-design. Similarly, one can generate a spherical 5-design from the 60 element unitary 5-design SL(2, F 5 ). To do so, we calculate again all inequivalent directions on the Bloch sphere originating from the operators σ u k = U k σ z U † k , for all elements U k of the unitary 5-design. The result is a set of 30 vertices on the Bloch sphere forming an icosidodekahedron (see Fig. 4 ).
The advantage of spherical designs is that they are easier to find, as compared to unitary designs. Indeed, instead of constructing spherical designs from unitary ones, one can search them also directly by checking the relation (18) for sets of vertices on the sphere S 2 . Such a search was carried out in Ref. [36] . In particular, they found spherical designs on the 2-sphere S 2 for t's up to 20 consisting of up to 100 elements. For instance, they showed that the regular icosahedron (see Fig. 1(b) of the main text), consisting of 12 vertices, already forms a 5-design. Furthermore, one can find a spherical 7-design consisting of 30 vertices on S 2 (see Fig. 5 ). Interestingly, the icosidodekahedron, presented in Fig. 4 , has the same number of vertices but does not even constitute a 6-design. Hence, the relation between spherical and unitary designs is not straightforward.
Lastly, we emphasize that for systems of larger local dimensions it is not possible to resort to spherical designs instead of unitary ones for the evaluation of the moments R (t) . This is due to the fact that the space parametrizing all possible measurement settings of a qudit, i.e. all possible observables of the form U OU † (see Sec. A), is not in one to one correspondence with points on a generalized Bloch sphere S 
C: RANDOM MOMENTS FROM DESIGNS
In this section we show that the t-th power of the correlation function (
is a polynomial of degree t in the entries of the local random unitaries U n ∈ U(d), and their complex conjugates, and thus that the moments R (t) can be evaluated over a unitary t-design instead of the whole unitary group U(d). To do so, we first introduce a map Φ :
and where ρ ∈ B((C d ) ⊗N ) is an arbitrary quantum state. Next, we consider the (t − 1)-fold twirling of the map Φ with the local unitary transformation Λ U1,...,
† , which yields
and take its expectation value to arrive at tr[ρT
At this point it is a straightforward consequence of Theorem 1 that
. . .
and thus
We thus showed that the moments (10) can be evaluated using unitary t-designs instead of carrying out the integrals over U(d).
In the case of qubits (d = 2) Eq. (24) reduces to Eq. (4) of the main text:
where L (t) ≤ K (t) denotes the count of the remaining non-equivalent measurement directions {u i } i=1,...,L (t) , after dropping those for which it exist j's such that σ u k i = σ u k j . Hence, in order to calculate the moments R (t) for systems of qubits it is enough to average [E(u 1 , . . . , u N )] t over a finite number L (t) of nonequivalent Bloch sphere directions
t is a polynomial of degree t on S 2 . The last point is easy to see because the correlation
, is a linear function of the components of the u n 's. Hence, using the 6 element spherical 3-design and 12 element spherical 5-design, presented in Sec. B.2., we arrive at the Eqs. (5) and (6) of the main text, respectively. Note that in Eqs. (5) and (6) the number of summands is L (t) /2 because for even t we can drop the respective anti-parallel settings. Lastly, we remark that one could in principle use the spherical 5-design to calculate both moments, as every t-design is also a (t − 1)-design, but it is desirable to minimize the number of settings as much as possible as possible.
As an example we consider the case of a single qubit. For N = 1 Eqs. (5) and (6) become:
The upper bounds can be straightforwardly calculated using the fact that R and R (4) ≤ 1/5 N , respectively, using a standard proof as presented, for instance, in [20] . While the former criterion is known [13, 20] the latter is novel. Nevertheless, we did not find an advantage in using one over the other. To obtain an advantage for entanglement detection the moments R (2) and R (4) have to be combined, as discussed in the following.
D: TWO-QUBIT ENTANGLEMENT DETECTION
Bell diagonal states read ρ BD = In the following we will show that this separability criteria can be directly transferred to the first three nonvanishing moments R (t) , with t = 2, 4, 6. We start, however, by focusing on the moments R (2) and R (4) only as they have been at the core of the discussion in the main-text.
D.1. Detection of Bell-Diagonal states based on R (2) and R
Direct evaluation of Eq. (5) and (6) of the main text for Bell diagonal states yields:
which are polynomials of degree smaller equal than four in the coefficients c i , with i = 1, 2, 3. In order to determine the borders of the set of (separable) states our aim is to maximize (minimize) one of the moments with respect to the other while keeping the condition |c 1 | + |c 2 | + |c 3 | = x fixed. Then, after the transformation y := 3 2 R (2) and z := 15 2 R (4) /6 − y 2 /2, we arrive at the following system of equations:
which can be solved algebraically. Note that when doing so we can restrict ourselves to the condition c 1 + c 2 + c 3 = x, with c i ≥ 0, as long as y ≤ x/2, due to the symmetry of the (separable) set of Bell diagonal states in the parameter space (c 1 , c 2 , c 3 ). As long as this holds the intersection of the ball defined through Eq. (30) and the octahedron defined through Eq. (29), in the space spanned by the c i 's, is smaller than each of the faces of the octahedron, i.e. it is given by a circle. For x/2 < y < x we can also stick to the condition c 1 + c 2 + c 3 = x but we have to add additional constraints limiting the borders of the corresponding face of the octahedron:
In general, after having solved the above system of equations we simply have to check for which of the given solutions R (4) = (6z + 3y 2 )/15 2 is maximal or minimal and that the chosen solution fulfils the positivity constraints of the corresponding eigenvalues of the Bell-diagonal states. This procedure then yields the corresponding parametrization of the set of (separable) states by imposing the constraints x ≤ 3 (x ≤ 1). Hence, all in all we find that the border of the set of states (represented in Fig. 2(a) of the main text) is lower bounded by
Plugging the definition of Bell diagonal states into the formula of the t-th random moment (10) , for N = 2, thus yields:
where we have used the multinomial formula (
The integrals contained in Eq. (36) can be directly solved:
for n 1 , n 2 > 0 and where Γ(x) denotes the Euler gamma function. The sixth moment thus becomes:
Given Eq. (39), we can simply plug in the solution of Eqs. (29)- (31) and verify that in the space spanned by R (2) , R (4) and R (6) , the set of separable and entangled states do not overlap anymore. In particular, we find that the separating border is parametrized through the function:
Hence, if we find a BD state with R (6) ≤ g(R (2) , R (4) ) ( R (6) > g(R (2) , R (4) ) ) we can conclude that the state is separable (entangled).
D.3: General two-qubit states
For completeness, we show here that the introduced criterion F (R (2) ρsep , R (4) ρsep ) ≥ 0, for Bell-diagonal states, also yields a sufficient entanglement criterion for general two-qubit states. Hence, we have to show that F (R (2) ρsep , R (4) ρsep ) ≥ 0, for all separable two-qubit states ρ sep . For clarity we indicate the state for which the R (t) 's are evaluated as a subscript.
Let us start with a general two-qubit density matrix:
where v (A) and w ρ , for all t ∈ N. Hence, we have transformed ρ intoρ with an entanglement non-increasing transformation that preserves the moments R (t) , and thus shows that F (R
ρsep , R
ρsep ) ≥ 0 is a sufficient entanglement criterion.
E: MULTI-QUBIT ENTANGLEMENT DETECTION E.1: With two-body moments
In this section we check the capability of the bipartite entanglement criterion derived in Sec. D.1 for multi-qubit entanglement detection. We focus first on entanglement criteria that are based on moments of two-body correlation functions only. We thus define:
denotes the two-body correlation function resulting from measurements on qubits α and β, with α, β = 1, . . . , N , and ρ is an N -qubit density matrix. With the criterion F (R
α,β , R
α,β ) ≥ 0 we thus probe the entanglement of the corresponding two-body reduced state ρ α,β = tr {1,...,N }/{α,β} [ρ] of an N -qubit states ρ. To demonstrate multi-qubit entanglement detection based on two-body moments we use in the main text the class of Dicke states. As Dicke states are invariant under permutations of the involved subsystems, we can probe their entanglement by applying
α,β ) ≥ 0 to any of its N qubits. In Fig. 2(b) of the main text we present the results of this procedure. To calculate the two-body moments of Dicke states for up to 200 qubits and 100 excitations we note that the two-body reduced density matrices of Dicke states |D N k read [39] :
In the special case of W -states |W N = |D N 1 the two-body reduced states (45) read:
with the Bell state
E.2: With N -body moments
Next we discuss entanglement detection based on moments of full N -body correlation functions as defined in Eq. (10) . First, we focus on the criteria involving only one of the random moments, namely R (2) , for which one obtains the criterion R (2) ≤ 1/3 N , for all fully separable states. The derivation of this criterion was shortly reviewed at the end of Section C and as it has been introduced and discussed previously (see [13, 22, 23 ]) we will not discuss it further at this point.
Further on, we investigate the entanglement detection capabilities when the moments R (2) and R (4) are combined. However, already for three qubits an analytical characterization of the set of separable states in the space of moments becomes very demanding and makes the use of numerical tools inevitable. For this reason, we develop numerical tools for generating states of different state subclasses. In the case of fully separable states this amounts to the generation of random pure product states which are subsequently mixed with random mixing parameters. This allows us to produce random fully separable states of different rank. The inset of Fig. 3(a) of the main text shows a plot of more than 10 5 such fully separable states.
For generation of mixed N -qubit states different strategies exist. A well known one is to draw random pure states from a higher dimensional Hilbert space and subsequently trace out over the extended dimensions. However, the latter approach leads to random states which are not homogeneously distributed in the space spanned by the moments R (2) and R (4) . For this reason, we follow a different path motivated by the above strategy for generating fully separable states. Namely, we draw random pure states of the respective subclass and mix them with randomly chosen mixing parameters. In particular, as the random moments are invariant under local unitary transformations, we can restrict ourselves to random pure states obtained from a so-called standard form. Standard forms are generalizations of the well-known two-qubit Schmidt decomposition to more than two qubits. A three qubit standard form was introduced in [43] :
where λ i ≤ 0, with i = 0, . . . , 4, and 0 ≤ φ ≤ π. A generalization Eq. (50) to N -qubits states has been introduced in [44] . Standard forms allow also for an characterization of states of different SLOCC classes. For instance, with λ 4 = φ = 0 and λ i > 0, for i = 0, 1, 2, 3, Eq. (50) becomes a standard form of the three-qubit W -class W (3) . A similar standard form for W (N ) , with arbitrary N , was presented in Ref. [45] . In Fig. 3(a) of the main text we present the generated random states in the (R (2) , R (4) )-plane. In conclusion, we find that by combining the second and fourth moments a similar advantage for the detection of entanglement, as obtained for two-qubits in Fig. 1(a) , is observed. Turning this numerical observation into an entanglement criteria is subject of future work.
We end this section by explaining how the black lines in Fig. 3(a) of the main text are computed. The black solid lines represent the border of the pure W -class. They have been calculated by maximizing the second and fourth moment over the standard form corresponding to the class W (3) . The black dashed lines indicate the additional area covered by states contained in the mixed W -class, namely Conv(W (3) ). As the set Conv(W (3) ) is more difficult to characterize, we estimated its boarder by minimizing the moments over the subset Conv({|000 000|, |W 3 W 3 |, 1 3 }) ⊂ Conv(W (3) ). We emphasize that this procedure leads only to an estimate of the borders of Conv(W (3) ) which was confirmed by generating about 10 5 random mixed W -states. This is in contrast to the black solid lines which are the result of a numerical optimization over the whole set W (3) . It is important to note, however, that if one aims at deriving linear criteria for the detection of states outside of Conv(W (N ) ), it is enough to resort to an optimization over W (N ) , as discussed in the next Section.
F: DETECTION OF STATES OUTSIDE OF THE MIXED W -CLASS
In this Section we outline the derivation of the criteria discussed in the last Section of the main text, which allow us to detect states that are not contained in the mixed W -class Conv(W (N ) ). There, we focus first on the second moment R (2) and optimize it over the class of pure W -states W (N ) . As R (2) is invariant under local unitary transformation this optimization can be carried out through the respective N -qubit W -class standard form [45] . Further on, the convexity of R (2) leads to the following criterion:
for all ρ ∈ Conv(W (N ) ). The maxima χ (N ) := max
ρ ′ can be evaluated analytically up to five qubits. To do so, we plug in the corresponding W -class standard form and optimize over the remaining parameters yielding χ (3) = 11/81, χ (4) = 4/81 and χ (5) = 7/405, which are reached by the three-, four-and five-qubit W -state, respectively. Beyond five qubits we have to resort to numerical techniques to calculate the maxima χ (N ) . The robustness of the criterion (51) is presented in Fig. 3(b) of the main text. There we plot the noise threshold p * up to which the noisy GHZ state p1/2 N + (1 − p)|GHZ N GHZ N | can be detected by the witness (51) . To check the performance of our criterion for pure states we apply it to a GHZ-like state with variable amplitudes |Ψ(θ) = cos θ|0 ⊗N + sin θ|1 ⊗N and plot the threshold angle θ * above which the state is detected to be outside of the W -class Conv(W (N ) ) y.
The second criterion is constructed by combining the moments R (2) and R (4) linearly. For a given number N of qubits we first maximize R (2) and R (4) , respectively, over the W -class W (N ) . We denote the arguments of these maxima as ρ 
denotes the corresponding R (4) -intercept. Finally, in order to obtain a GHZ-entanglement criterion, we have to maximize the R (4) -intercept b (N ) over the W -class W (N ) . This ensures that the defined line really touches the border of W (N ) in the (R (2) , R (4) )-plane. Hence, we find that m (N ) R (2) +b (N ) ≥ R (4) , for all ρ ∈ W (N ) and with b (N ) = max ρ∈W (N ) b (N ) . Lastly, the convexity of the moments yields:
for all ρ ∈ Conv(W (N ) ), and where m ′(N ) = −m (N ) > 0, for N = 3, 4, 5, 6. In Eq. (54) we used that a linear combination of two convex functions with positive coefficients yields again a convex function. This is possible because the slope m (N ) is negative in the considered cases N = 3, 4, 5, 6. The performance of the obtained criterion (54) is presented Fig. 3(b) of the main text in terms of the same states as before.
